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ABSTRACT: We study a class of duality transformations in generalised Z(2) gauge theories
and Ising models on two- and three-dimensional compact lattices. The theories are inter-
preted algebraically in terms of the structure constants of a bidimensional vector space
‘H with algebra and coalgebra structures, and it is shown that for any change of basis in
‘H there is a related symmetry between such models. The classical Kramers and Wannier
dualities are described as special cases of these transformations. We derive explicit expres-
sions for the relation between partition functions on general finite triangulations for these
cases, extending results known for square and cubic lattices in the thermodynamical limit.
A class of symmetry transformations in which the gauge coupling changes continuously is
also studied in two dimensions.
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1. Introduction

Duality relations [[] -] are symmetries which relate partition functions of classical spin
models. The prototype for these symmetries, and its most famous example, is the well-
known Kramers and Wannier duality in the two-dimensional (2D) Ising model [f]. This
symmetry relates the partition function of a 2D Ising model at temperature T to the
partition function of another 2D Ising model at temperature T*, where T™* is a decreasing
function of T', and allowed for the first exact determination of the critical point of the model,
before its exact solution by Onsager [[j]. If it is known that the critical point is unique, then
it must be at T, = T¥, and can be determined by the duality relation. Besides its interest
in the determination of critical points [, fi], dualities are also used to map properties of
well-studied models to less developed ones [[i, §]. For instance, it is known that in three
dimensions Z(2) lattice gauge theory is dual to the Ising model. Thus all work developed in
understanding the latter can be translated via duality relations to bring information about
the former [H] In this paper we explore duality relations in Z(2) lattice gauge theories and
Ising models in two and three dimensions making use of an algebraic reformulation of spin
models we developed for the case of the Z(2) pure gauge theory in an earlier paper [[[0].
The Kramers-Wannier dualities can be briefly stated as follows []. For each dimension
d and integer n, 1 < n < d, there is one d-dimensional generalised Ising model denoted My,



whose local variables are Ising spins ¢ = +1. The index n indicates where the spins are
situated. For spins lying on vertices, links and faces we have n = 1, 2 and 3, respectively.
The terms in the hamiltonian are products of spins lying on the boundary of links for n = 1,
of faces for n = 2, etc. Therefore, My; describes the usual d-dimensional Ising model, with
two-spin interactions and Ising spins at vertices. My, is the Z(2) pure gauge theory in d
dimensions, with spins lying on links and plaquette terms in the hamiltonian. An external
magnetic field h can be added to any My,. If that is the case, then My; becomes the
Ising model with an external magnetic field, and Mys describes the Z(2) gauge theory
coupled to a Higgs matter field. There are two kinds of duality relations. In the absence of
magnetic field, the models My, and My4_, are dual. In the presence of a magnetic field,
the models My, and My4—n+1 are dual. For the simplest cases, one finds the following. In
two dimensions, the Ising model is self-dual in the absence of magnetic field, and dual to
the Z(2) Higgs-gauge theory in the presence of a magnetic field. In three dimensions, the
Ising model is dual to Z(2) pure gauge theory, and the Z(2) Higgs-gauge theory is self-dual.

We extend these dualities in two directions. First, we consider more general lattices
than the square and cubic lattices traditionally used. Second, we describe them as special
cases of a larger class of GL(2,R) symmetries acting on generalised Z(2) lattice gauge the-
ories herein defined. A mathematical formalism borrowed from topological field theories
is used to develop an algebraic description of Z(2) gauge-Ising models, following the pro-
cedure introduced in [[L0] for the case of the Z(2) pure gauge theory on three-dimensional
triangulations. This leads us to associate a bidimensional vector space H with algebra
and coalgebra structures to each model under study. If the vector basis of H is changed,
a lattice model equivalent to the original one is obtained. We study two specific changes
of basis of H. One transformation leads to explicit expressions for the Kramers-Wannier
dualities on arbitrary lattices. The cases of triangulations and regular lattices in two and
three dimensions are worked out in detail. Usually, one needs to study these dualities case-
by-case, applying sequences of combinatorial moves as the decoration transformation or the
star square transformation [[[] in a manner suited for each lattice under consideration. In
the algebraic formalism, all these operations are shown to be contained in a single change
of basis of H. In addition, we study a one-parameter class of symmetry transformations for
which the gauge coupling constant changes continuously in the two-dimensional generalised
Z(2) gauge theories as another application of the general formalism.

This paper is organised as follows. In section 2 we give a brief description of Z(2)
gauge theories and Ising models in d-dimensions, mainly to fix notation. In section 3 we
introduce our algebraic reformulation of the Z(2) lattice gauge theory. The cases of the
pure and Higgs-gauge theories are considered, for triangulations and hypercubic lattices.
In section 4 we define the generalised gauge theories studied in this paper and prove that
for any change of basis in H there is a related duality transformation between these models.
We work out many examples in two and three dimensions. In particular, we describe the
classical Kramers-Wannier dualities as special instances of our formalism. In section 5 we
study in two dimensions the one-parameter class of symmetry transformations for which the
gauge coupling changes continuously. Our conclusions are collected in section 6, together
with final remarks and the discussion of possible developments.



2. The models

The d-dimensional Ising model is determined for any d-dimensional lattice L by two cou-
pling constants: the inverse temperature (7, and the external magnetic field m. The local
variables are Ising spins o, = *1 assigned to the vertices v of L. In terms of these, the
hamiltonian reads

Hr =81 o) oy(l) +m> oy, (2.1)
l v

where 0,(l) and o,(l) are the spins at the two ends of the link [/, and o, is the spin at
the vertex v. The first sum runs over all links, and the second over all vertices of L. The
partition function is
ZI:ZGXPHI’ (22)
{ov}

where {0, } denotes the set of all spin configurations over the vertices of L. This partition
function can be rewritten as

Zr =Y TIw:O [ Wi(v), (2.3)

{ou} ! v

where we have introduced the local Boltzmann weights

Wi(l) = exp [Bro.(l) oy(1)]

Wi(v) = exp(moy), (2.4)

situated at the links and vertices of L, respectively. The case m = 0 describes the Ising
model in the absence of an external magnetic field, in which case Wi(v) = 1 and can be
ignored in eq. (R.3). If m # 0, then we say that there is an external magnetic field.

The Z(2) lattice gauge theory is also determined by two coupling constants, the gauge
coupling f,, and the Higgs coupling h. The gauge variables are elements of the discrete
group Z(2), i.e. Ising spins o; = +1, situated at the links [ of the lattice L. The action is

Sg:ﬁng:n%(f)‘i‘hzl:gl’ (2.5)

where o,(f) is the spin at the link a on the boundary of the face f, and the product runs
over all links on df. The first sum runs over all faces, and the second over all links of L.
When L is a triangulation, all faces are triangular and the first term describes a three-
spin interaction, o,(f)oy(f)oe(f). If L is a cubic lattice, then this term gives a four-spin
interaction. In general lattices, the number of spins in the product is variable, equal in
each face to the number of links on its boundary.

The partition function of Z(2) gauge theory is given by the usual expression

Zy = Zexp Sy, (2.6)
{ou}



where the sum runs over all spin configurations {o,} over the links of L. This partition
function can be rewritten as

Zy =Y _TIWeH [[ W) (2.7)
[

{a1} [

where we have introduced the local Boltzmann weights

Wg(f) = exXp [Bg Ha Ua(f)] 5
W,(1) = explhon) (28)

situated at the faces and links of L, respectively. When h = 0, we have Z(2) pure gauge
theory. In this case W, (I) = 1 and can be ignored in eq. (R.7). If h # 0, then we say that
Z(2) gauge theory is coupled to a Higgs matter field.

The definitions make sense for any dimension n. When a specific dimension is consid-
ered, we write H}Z), Zég), etc.

3. Algebraic reformulation of Z(2) gauge theory

In this section we present an algebraic reformulation of Z(2) lattice gauge theory in which
the local Boltzmann weights and the partition function are described as coefficients of
certain tensors in a suitable vector space H. These tensors endow H with algebra and
coalgebra structures. We first give a characterisation of H by itself, in a mathematical
independent way, and show how a lattice field theory with face and link local weights can
be constructed from the knowledge of the structure constants of H. Next we adjust the
free parameters of H so that the weights correspond to those of Z(2) lattice gauge theory.
We consider the cases of pure and Higgs-gauge theory on triangulations and hypercubic
lattices.

3.1 Structure tensors and weights

Let us describe the algebraic structure H. We define H as a bidimensional vector space
with basis B = {¢, ¢1}, and dual basis B* = {¢°, '}, with ¢)%(¢) = §¢. There is a linear
product of vectors defined in H, described by a product tensor M¢,, for which

ab’

(u-v)° = MSu™®, Vu,v € H. (3.1)

a

In the basis B, the product of basis vectors read

b0+ po = ¢1- b1 = p~Lcosh(x) ¢g + p~Lsinh(z) ¢y,

Go- b1 = ¢1- o = p~Lsinh(x) g + p~ ! cosh(z) ¢y . (3.2)

The algebra so defined is associative, and has an unity ¢ = p cosh(z) ¢9 — p sinh(x) ¢;.
The parameters p and x will be given as functions of the gauge coupling 3, for each lattice
L under consideration. There is also a coproduct defined in H, described by a coproduct
tensor A, for which

[A(w)] = Aleul, Yu e H. (3.3)



We define A by its action on the basis vectors of B, which is given by

A(¢a) = Ka Qba ® ¢a ) (3'4)

where K, is a constant which will be determined as a function of the Higgs coupling h for
each lattice L. In this basis, the coproduct tensor coefficients read

A = Ky 640 0ac - (3.5)

The coalgebra so defined is coassociative, and has a counity € = K L0 + K 1 Lyt

We now proceed to show how the product and coproduct tensors Mg, and AZC can
be used in order to define the local Boltzmann weights of a lattice field theory. For that
purpose we follow prescriptions introduced in [[LT]] in the context of topological field theories,
and adapted to the case of lattice gauge theories in [[(]. These prescriptions allow one to
define local weights at faces and links on any lattice given as the gluing of polygonal faces
along common links, as triangulations and hypercubic lattices, for example. The algebra
H must be associative and coassociative, and it was proved in [[LI] that whenever it is
a Hopf algebra, the resulting theory is a topological field theory. Here we consider an
algebra which is not Hopf, and show that it leads to Z(2) lattice gauge theory in a variety
of conditions.! The reformulation of a lattice gauge theory in algebraic terms is not trivial,
and allows for the use of new mathematical tools in its study, as we will show for the case
of duality relations.

The prescriptions we use consist of a set of formulae in which the structure tensors
M¢, and A% are used to construct higher order tensors, whose coefficients are identified
with local weights of a lattice theory associated to H. The lattice L is always supposed to
be a triangulation or a hypercubic lattice, for definiteness. Let us first consider the face
weights. These are determined by the algebra structure of H. We define the covariant

tensors My . as

Mab...c = T(¢a ¢b T ¢c) ; (3'6)

where

T(v) = M5 v, Yo € H. (3.7)

The covariant vector T, = Mé’b is called the trace. The tensor M, . so defined is cyclically
symmetric whenever the algebra H is associative [L1]. Now consider a face f of L, and let
N be the number of links on its boundary. In addition, let there be spins oy, at the links
on its boundary, where f; = 0, 1. Then it is assigned to this face a local Boltzmann weight
given by My s, sy (see figure ). Its value depends only on the structure constants M¢,
of H, and on the spin configurations at the boundary of f.

The link weights are determined in a similar fashion by the coalgebra structure of H.
In analogy with eq. (B-0), we define contravariant tensors

A = C(phpb .. y°), (3.8)

We have not defined an antipode operator S : H +— H, but we will admit that S% = 62, where § is the
Kronecker delta.
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Figure 1: A triangular face f with configurations f; = 0,1 on its boundary, describing spin-gauge
variables o, = (—1)fi. The corresponding local Boltzmann weight is given by My, 1, .

where

C(w) = A%wy, Yw e H, (3.9)

and the contravariant vector C% = Ag“ is called the cotrace. For the coproduct given in

eq. (B-4), it follows that
Aal az...ap—10M — Kéw 5@1@5(127& L. 50]»17‘1 , (310)

where the §’s are Kronecker deltas, and a = 0,1. Let [ be a link of L, and M be the
number of faces meeting at [. Then we assign a tensor A® % with M indices to this
link. According to eq. (B.10), the tensor coefficients vanish unless all its indices a; are equal
to some fixed a = 0,1. We let this index describe the local spin configuration o, = (—1)°
at the link. The corresponding link weight is given by the tensor coefficient A%+ = KM,

The partition function is defined as a sum over configurations, as usual. There is a
local weight My, f,. r, for each face f, and a local weight A%% % for each link [ of L. For
a given spin configuration {o,}, there corresponds a statistical weight

W = HMf1f2~~~fN HAaz a..ap (3_11)
f l

where the first product runs over all faces, and the second over all links of L. The partition
function Z is the sum of W over all spin configurations,

7 = Z HMf1f2---fN HAal R (312)

{oa} f l

The expression in eq. (B.19) completes our description of the lattice field theory associated
to the algebra H. The partition function Z depends on the lattice L, and on the parameters
G, x and K, which determine the structure constants of H. In the next sections we will
show how these parameters can be adjusted to give Z(2) theory local weights, both for the
case of triangulations and hypercubic lattices. But before we proceed, we want to discuss
the algebraic meaning of the partition function Z. Our purpose is to prove that Z is a
scalar of H. This is the central result involved in the proof of the symmetry transformations

described in this paper.
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Figure 2: A link [ shared by four faces. There are spin-gauge configurations o;, = (—1)% at the
face sides glued to the link. The corresponding local Boltzmann weight is Al 2 sl

Let us first rewrite the sum in eq. (B.19) in a more symmetric form. Note that the
indices of the face weights may assume any set of conceivable values inside the sum, while
the indices of the link weights appear only as repetitions, a1 = ag = --- = a;. This
assymetry can be removed. From eq. (B.1(]), we know that the tensor coefficients A®1#2:-@M
are zero whenever any two of its indices are distinct. Thus we can add terms with local
weights given by such coefficients to the sum in eq. (B.19), without changing the value of
Z. In this way a new partition function Z’ is defined, which differs from Z only by a series
of vanishing terms. This partition function can be made much more symmetric than the
original, as we want. The new models thus obtained are the generalised spin-gauge models
involved in the duality relations we will discuss later. We now turn to their definition.

Consider a particular link [ in a lattice L, and let M be the number of faces meeting
at the link. Instead of assigning a single spin variable a; to this link, as usual, let us attach
M spins to it, one for each gluing of a face to the link. One may think that the spins are
attached to the boundaries of the faces, and meet at the link when the faces are glued into
it (see figure fl). We write the spin variables as o;, = (—1)%, [; = 0,1. To each link let
there correspond a local Boltzmann weight given by the tensor coefficients Al/2-br | where
this tensor is defined by eq. (B.§). The face weights are Myp 4, .1y, as before. Then the

partition function is
Z' = Z HMflfQ---fN HAZIlQNlM ) (3'13)
{oa} f !

where the sum runs over all configurations {o/,} of the new theory. In this expression, links
and faces are treated on the same footing. But from eq. (B.1(), the link weights Ahlz-im
are nonzero only if all its indices are equal to some a;, so that the sum in eq. (B.13) reduces
to the one in eq. (B.19). Thus we conclude that 2’ = Z.

The advantage of this formalism is that the sum in eq. (B.1J) now consists of a series
of contractions of indices. Note that each spin configuration appears as an upper index in
some face weight, and as a lower index in some link weight. To sum over its two values is the
same as contracting this pair of indices. Furthermore, the sum over all spin configurations



{0/} is equivalent to a contraction of all indices in the tensor inside the sum symbol, i.e.,
the outer product of all weights My, ¢, r, and All2-Iv gyer the lattice. The result must
be a scalar, and is the partition function Z’. Thus Z is a scalar invariant of H.

3.2 Triangulations

Now we begin to study the theories defined by the algebra H for specific values of the free
parameters p, x and K,. We first let the lattice L be a triangulation, and show which
values these parameters must assume in order to describe Z(2) lattice gauge theory in this
case. For triangulations, the algebraic formalism can describe the pure gauge theory in
any dimension, and the Higgs-gauge theory in two dimensions. In higher dimensions, a
modified Higgs-gauge theory is also considered.

Pure gauge theory. In a triangulation L all faces are triangular, and so the face weights
are coefficients of the three-indexed tensor My, ,r,. For simplicity, we write the spin
configurations on the boundary of a face f as a,b,c = 0,1. The corresponding face weight
is Mype. For Z(2) lattice gauge theory, from eq. (2.§) we must have

Mo = exp [ (1) 3, (3.14)
These weights are obtained from H when the parameters x and p satisfy

e~2%s = tanh(3x),

3.15
p® = 2sinh(6x), (3.15)

as can be checked. These relations fix completely the algebraic structure constants of H,
and give the correct Z(2) face weights whenever triangular faces are considered.

The coproduct of H is related to the link weights. For the Z(2) pure gauge theory,
all link weights A%% % must be equal to 1. This is equivalent to setting K, = 1, as seen
from eq. (B-10). Thus, the Z(2) pure gauge theory is described by the coproduct

A(¢a) = ¢a & (ba . (3'16)

The validity of this formula is not restricted to triangulations. It gives the correct link
weights of the Z(2) pure gauge theory for any lattice L and dimensionality d.

Higgs-gauge theory. Now let h # 0. First consider the case of two-dimensional tri-
angulations. Then any link [ is shared by exactly two faces, and the corresponding link
weight is A%%. Thus, from eq. (R.§), we must have A%% = exp[(—1)%h]. From eq. (B.10),
this condition leads to Ky = e"/? and K; = e /2, which is equivalent to

Ago) = €2 ¢y ® ¢y,

Alpr) = e "2 @ ¢y (8:17)

This is the coproduct for Z(2) gauge-Higgs theory in two dimensions. In higher dimensions,
there is no choice of K, which leads to the correct link weights of Z(2) gauge-Higgs theory
on triangulations. In general, the number M of faces meeting at a link [ is variable in a



d-dimensional lattice, for d > 2. Therefore, one is naturally led to the equation KM =
exp[(—1)*h],YM € N, which has no solution for A # 0. On the other hand, a modified
theory can be obtained if the coproduct of eq. (B.17) is applied for d > 2. That is, put

Algo) = €" o ® o,

Alpr) = e "1 @ 1. (8.18)

This leads to the link weights
A 92O = exp [(—1)*Mh] 04, ,a0a9.a - - - Oars.a s (3.19)

i.e., to a Z(2) gauge-Higgs theory with a variable Higgs coupling h;, whose strength is
proportional to the number M of faces meeting at the link I, h; = Mh. When the lattice
is regular, one obtains a Higgs-gauge theory with Higgs coupling M h.

3.3 Hypercubic lattices

In hypercubic lattices, both the pure and the Higgs-gauge theory admit an algebraic de-
scription for any dimensionality d. All faces are square in a hypercubic lattice. Therefore,
the corresponding weights are coefficients of the four-indexed tensor My, ¢, r,r,. We write
the configurations on the boundary of a square face as a,b,c,d = 0,1. The corresponding
face weight is Mypeq. For Z(2) lattice gauge theory, we must have

Mapea = exp | (=1)"0e50 g, | (3.20)
These weights follow from the relations

-2
e 859 = ta'nh(4x), (3.21)
p° = 2sinh(8z),
which play the role of eq. (B.15) for the case of square faces, determining the dependence
of p and x in the gauge coupling 3.

The coproduct of H is determined by the link weights. In two dimensions, nothing
changes in relation to the case of triangulations. The Z(2) pure and gauge-Higgs theories are
described by the coproducts of eqs. (B.16) and (B.17), respectively, by the same arguments.
In higher dimensions, hypercubic lattices offer the advantage over triangulations that the
number M of faces meeting at a link is now constant, due to the regularity of the lattice.
For a d-dimensional hypercubic lattice, we have M = 2971, Tt follows that an algebraic
description is then available for the Higgs-gauge theory. From eqs. (P.§) and (B.10), we just
need to set Ko = exp(h/2971) and K = exp(—h/2%1). For instance, for cubic lattices the
coproduct is

A(do) = e"* o @ g0,
A1) = e M1 @ ¢,

and for d = 2 we recover the result of eq. (B.17).

(3.22)



4. The duality relations

4.1 General algebraic symmetries

To the fact that the partition function Z is a scalar invariant of H, there corresponds a class
of symmetries among the models we described algebraically in the last section. These com-
prise a large class of transformations on H. Let us recall that the local weights My, q,..ax
and A%%--2M are tensor coefficients, and therefore not basis independent. Instead, if one
chooses a new basis B’ = {£, &1}, where €, = E° ¢, and E is a nonsingular 2-by-2 matrix,
then the weights transform according to the usual formulae of tensor algebra,
A lhlely — ph pla ... Dl AT132TM
/ o s N ’ (4.1)

My, goopyy = Epy B Ep Mayapay
where D = E~!. On the other hand, as the partition function is a scalar, its value is not
affected by the transformation. In short, the change of basis gives new face and link weights
M}l o fyy A0 A" lil2lby - which define a lattice theory which may be very different from
the original one, but whose partition function has the same value as that of the former.
For any element of GL(2,R), there is a symmetry of this kind.

A simple example of these transformations is given by rescaling the basis vectors of B,
i.e. by letting £, = s, ¢, where the s; are real parameters. The local weights change as

A’llllz---lM — sl_ll sl—21 . 81_1; Al ey 7 (42)
Mf1f2---fN = Sfl Sf2 e st JWf1 farfn

The interpretation of the above equations is the following. Let oy, be the spins at the
boundary of a face f. Then the transformation inserts a factor sy in the corresponding
face weight, for each o,. To compensate, an additional factor sJTil is inserted in the weight
of the link where o, is glued. It was shown in [[I(] that such transformation can be used
in the study of the low-temperature limit of Z(2) pure gauge theory, and leads to a clear
interpretation of this regime as a topological field theory.

Hereafter we consider new instances of such transformations. We take as the starting
point the algebra and coalgebra structures defined in sections B.9 and B.3, which give Z(2)
lattice gauge theory in a variety of conditions, and study the action of specific elements of
GL(2,R) on the local weights of these theories. The models obtained by these transforma-
tions may be very distinct. For instance, we will show that a transformation E exists for
which the face weights in the new basis B’ have the form

My, fypy = 5flaf5f26lf T 5fNaf ) (4.3)

where the 0’s are Kronecker deltas, and ay = 0,1. In this case, the statistical weight of
a given face f is nonzero only if all configurations f; at its boundary are equal to some
fixed value ay. One may think of such configuration as assigned to the face itself. Thus
in the new model the spin variables are situated at faces. The link weights are A"l
where the variables [; describe the configurations at the faces meeting at the link. If

in the original theory there were configurations at links and local weights at faces, then

,10,



we have a transformation from a model on the lattice L to a model on its dual lattice
L*. This is the case of the dualities depicted in [fl], and we will show that they can be
obtained as special cases of our transformations. This is done in sections .9 and [i.3. The
algebraic reformulation of these dualities allows for their study on arbitrary triangulations,
and leads to explicit expressions for the relation between partition functions on any finite
triangulation, extending results known for square and cubic lattices.

A different sort of symmetry is considered in section [|. The action of a one-parameter
class of transformations F' on the local weights is studied for which the gauge coupling of
Z(2) Higgs-gauge theory in two dimensions changes continuously, compensated by a gradual
appearance of an Ising interaction at links. This gives an example of how continuous
transformations can be dealt with in our algebraic formalism, and leads to a class of
symmetries among a family of generalised Ising-gauge models which we will describe in
section ] These generalised models are equivalent to the Higgs-gauge theory, as will be
shown.

4.2 Two-dimensional dualities

Pure gauge theory. We first consider, mostly for didactic reasons, the case of Z(2)
pure gauge theory on two-dimensional triangulations. It is an well known fact that in
two dimensions lattice gauge theories are soluble in general [[J], and so this case is to be
considered as a first simple application of the transformation formalism. We show how an
explicit solution of the model can be found for arbitrary triangulations.

The Z(2) pure gauge theory is described by the coproduct given in eq. (B.16), and as
the lattice is composed of triangular faces we let x and [, satisfy the relations of eq. (B.19).

In this case the algebra H reduces to

G0 - G0 = ¢1- ¢1 = p~* cosh(z) ¢ + p~ ! sinh(z) ¢1,
G0 - ¢1 = ¢1- ¢o = p~*sinh(z) ¢o + p~* cosh(z) ¢1 . (4.4)
A(go) = ¢ ® ¢o,  A(¢1) = ¢1 ® ¢1,

with e72% = tanh(3z) and p® = 2sinh(6x). The face and link local weights are the
coefficients of the tensors Mg, and A, respectively. Consider the change of basis given

by 1 1
_pe—x _p6—$
E:<21 s 21 x>, (4.5)
apPe T3pe

where &, = E? ¢. In the basis B’ = {&, &1}, the local weights read

A" = 2972 exp[(—1)*22]0ap ,

4.6
Mcllbc = 6ac 6bc . ( )

These transformed weights are interpreted as follows. The face weights are nonzero only
if all spins on the face boundary are equal. Thus the new model has spin variables o, at
faces. For a link connecting two neighboring faces with spins o, and o, there corresponds a
local weight A’ *¥. From eq. ([.6), this weight vanishes if 2 # y. Thus a spin configuration
has non-vanishing global weight only if, at all links over the lattice, only faces with the
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same configuration are glued. This is possible only if all faces in the lattice have the same

2 Thus only two global configurations contribute to the partition function,

configuration.
those for which all faces have spin +1 or —1. Therefore, the partition function for a

two-dimensional triangulation L is

(2p72)Nl(62Nl:B +672lel')
= 2N+ 2Nt cosh (2N)

2 (L, By) =0 (4.7)

where NV is the number of links of L. This expression can be rewritten in terms of 3 as
ZO(L, By)lh=o = 2*/*"7 cosh™s B (1 + tanh™7 ), (4.8)

where we have used that, for any triangulation, N; = 3/2Ny, and that exp 2% = tanh 6z =
exp 9% = tanh 8. The partition function depends only on the area of the surface, that is,
on the number Ny of triangular faces.

If a square lattice was used instead of a triangulation, then all faces would have four
spin variables on its boundary, and the local face weights would be coefficients of Mgpeq-
In this case the parameters 8 and x must satisfy e 2% = tanh(4z), p® = 2sinh(8z).
The transformation E applied to this algebra gives the same model as in the case of
triangulations. Repeating the arguments already used, we find that the partition function

of the Z(2) pure gauge theory for a square lattice L is given by
ZO(L, By)h=o = 2*"7 cosh™7 B (1 + tanh™7 3). (4.9)

Again Z depends only on the area of the surface, but the dependence is slightly different
from that for triangulations. We conclude that the partition function of the theory depends
on the chosen lattice and on its area, a result which agrees with those of [[3, [[J.

Higgs-gauge theory. The Z(2) Higgs-gauge theory on two-dimensional triangulations
is described by the algebra of eq. ([.4), with the coproduct of eq. (B.17), that is,

$o - ¢o = ¢1- ¢1 = p~* cosh(z) ¢o + p~ ! sinh(z) ¢,
b0 - 1 = ¢1 - o = p~Lsinh(z) ¢po + p~ ! cosh(x) é1, (4.10)
Ago) = e"2pg @ ¢o, A1) = e M2p1 @ ¢1,

with 2% = tanh(3x) and p® = 2sinh(62). The transformation E defined in eq. () now
leads to the transformed local weights

A0 — 257227 cosh h,
AN = 2p72¢72% cosh h,

4.11
A/Ol = A/ 10 _ 2p72 sinhh, ( )
M(;bc - 50,6 5bC .

These weights have a simple interpretation after some rearranging of the factors appearing
in the above formulae is performed. First note that each link weight A’ * contains a factor

2The lattice is supposed to be connected, not composed of disjoint pieces.
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exp[(—1)%z] exp[(—1)?z]. The indices a and b describe the spins at the faces connected by
the link. We let the factors exp[(—1)%xz] and exp[(—1)°z] be absorbed by the corresponding
face weights, i.e. we apply a rescaling with parameters so = e* and s; = e~ *. Besides, a
fixed factor 2p=2/sinh(h) cosh(h) is removed from all link weights. These factors will be
later reinserted in the partition function. Then the local weights reduce to

A0 = AT = /coth h,
AL = A0 = V/tanh b, (4.12)

/o 3z /I _ =3z

All the remaining M/, are null. Now these weights describe an Ising model on the dual
lattice L*. Recall that for any face in L there corresponds a vertex in L*. The weights M/,
in eq. (.19) describe a model with spins at faces, so that on the dual lattice L* we have
spins at vertices. Let us write them as o, = +1. According to eq. (.12), the dual vertex
weights are W (v) = exp(3zo,). Furthermore, for each link [ in L there corresponds a link
I* in the dual lattice L*. The local weight at it is given by A’%, where the indices a,b
describe the spins at the two ends of I*. Now if we write v/tanh h = =77, then these link
weights reduce to W (l) = exp(ffo,0p). And if we set 3z = m*, then the vertex weights
read W (v) = exp(o, m*). These are exactly the local weights for an Ising model at inverse
temperature 37 in the presence of an external magnetic field m* (see eq. (2.4)).

Up to the removal of a factor 2p~24/sinh(h) cosh(h) from each link weight, we have
found that the application of the transformation F to the original Z(2) Higgs-gauge theory
has made it an Ising model. Thus, up to such factors, the partition functions of the models
are numerically equal. Collecting these factors, we find that

(2 ~2y/sinh h cosh h Ne o @) e gx
Z@/(L, By, h) = [Qp sinh & cosh h] ZP(L*, B, m*), (4.13)
where N; is the number of links in L. The coupling constants are related by

e 2% = tanhh,
e~ 2Py = tanh m*,

(4.14)

where we have used eq. (B.15) to write = in terms of 3,. This is our version of the Kramers-
Wannier bidimensional duality relation in the presence of an external magnetic field. These
relations are valid when a triangulation is considered, instead of a square lattice. The
relations among the coupling constants are the same as obtained by Wegner. We can
rewrite eq. (f.14) in terms of the coupling constants as

ONfe=PgNy
(cosh h)M

2Nl*6_6;Nl*

= 7B g m* 415
(COShm*)N;; I ( 7ﬁ[7m)7 ( )

ZH(Q) (L7 ﬁg? h) -

where Ny, N; are the number of faces and links in L, and N7, N are the number of vertices
and links in L*.

For the case of square lattices, the parameters § and 2 must satisfy e=2% = tanh(4x),
p® = 2sinh(8z). Applying again the transformation E of eq. (f.5), we find the same
transformed link weights A’ obtained for triangulations, given in eq. (f.19), and the face
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weights M, .. = 04d Opd Ocq. Repeating the arguments used for the case of triangulations,
but now taking m* = 4z, we are again led to eqs. ([.13), (f.14) and (.15), which means
that the same duality relations hold between the Z(2) Higgs-gauge theory and the Ising
model with a magnetic field for the cases of two-dimensional triangulations and square
lattices.

The results of these section consist of an extension of the Kramers and Wannier mag-
netic duality in two dimensions to arbitrary 2d triangulations. Begining with an Ising model
on a 2d triangulation L, one can construct a dual Z(2) gauge theory on the dual lattice L*.
The partitions functions of these models will be related by eq. (f.1) whenever the coupling
constants satisfy eq. ({.14). This is a general result, and is valid for any finite triangulation
L. However, one must notice that in general the lattice is changed by dualization. It is
well known that a square lattice with periodic boundary conditions has as its dual another
lattice with the same properties — the lattice is self-dual —, but a honeycomb lattice, for
example, is transformed by dualization in a triangular lattice [[4]. In particular, boundary
conditions may be changed in the dualization of the lattice. Therefore, in situations where
one is attached to a specific set of boundary conditions (in the study of interfaces in the
Ising spin model with antiperiodic b.c., for instance, or of the deconfining transition in Z(2)
gauge theory with periodic b.c.), a special care must be taken when applying the duality
transformations. This remark applies for dualities in any dimensionality.

4.3 Three-dimensional dualities

Pure gauge theory. Now let the lattice L be a three-dimensional triangulation. First
let us consider the Z(2) pure gauge theory. Then the parameters p and x must satisfy
e~2%s = tanh(3x) and p% = 2sinh(6x), and the coproduct is given by eq. (B-16). The
algebra is exactly the same as in the bidimensional case (eq. ({.4)). In fact, this algebra
describes the pure gauge theory on triangulations of any dimensionality d. Then the
transformation E gives the same local weights of eq. (f.f), but now link weights with an
arbitrarily high number of indices may appear, as the number of faces meeting at a link in
a three-dimensional triangulation is not fixed. Evaluating the weights, we find that

A/ @azay — QP*M {sz\il exp[(—l)aix]} (5(_1)a1+a2+---+aM,1 ’

, (4.16)
My, = Gac b -

It follows that the spin configurations are situated at faces after the transformation, since
the M/, is zero unless all spins on the face boundary are equal. For the link weights
A’ @1a2aM e have the following. If the product of all spins around a link is equal to +1,
then the corresponding weight is 20~ [T, exp[(—1)% Mz]. Otherwise, the weight is zero.
We would like to show that this theory is equivalent to a three-dimensional Ising model.
Consider an Ising model on a three-dimensional lattice L. There are spin variables o,
at the vertices of L, and local weights W (1) = exp(Bo,0y) at the links [ of L, where o, and
oy are the spins at the two ends of [. Let {o,} denote a spin configuration on the lattice.
We can define a related configuration {o;}, in which the spin variables are situated at the
links of L. We just let the spin g; at a link [ be the product of the spins at the two ends of

- 14 —



this link, i.e. 0y = 0,0y. This assignment has two important properties. First, if all vertex
spins o, are flipped, then the same configuration {o;} is obtained, and the Ising weights
W = exp(fo;) remain unchanged. Up to this symmetry, {o,} is completely determined by
{o7}. Second, for any {0} obtained by this prescription, we have that (—1)/1+/f24/m = 1,
where the indices f; describe the link spins at the sides of a face f. So we can rewrite the
Ising model partition function on L as

ZN(L,8) =2 []exp(Bo) [ 6 —iynssarars - (4.17)
{oe} 1 f

We want to compare eqs. (£.16) and (.17). But first we perform some rearranging of
factors in the transformed weights of eq. ([.16). Note that in the link weights A’ am
there is a factor exp[(—1)%z] for each face with configuration a; inciding at it. We perform

a rescaling transformation to transfer this factor to the face weight. In addition, we remove
a common factor 2o~ from each link weight, which will be later inserted back directly in
the partition function. Then the local weights reduce to

AI aijaz---apnr

= 5(_1)a1+a2+-~-alw’1 , (4.18)
Mgy =€, My =e %,
all the remaining M/, = being null. On the dual lattice, these weights describe a model with
spins at links, link weights W () = exp(3z0y), and face weights W (f) = 0(_jyar+as+-ans 1
where the indices a; describe the spins at the sides of the face f. Comparing with eq. ({L.17),
we see that this gives an Ising model at inverse temperature §7 = 3x. Thus the applica-
tion of the transformation F to the local weights of Z(2) Higgs-gauge theory on a three-
dimensional triangulation L leads to an Ising model in the dual lattice L*. From eq. (B.1§),
and recalling that 87 = 3z, we can write the duality relation

e~ 2% = tanh 7, (4.19)

which agrees with the result of Wegner for cubic lattices. For the partition functions we
find that

ZW(L, By) = 272N p= 3N P (L%, ), (4.20)

or, in terms of the coupling constants,
oNre=BaNr 73)(T, 2% 7>, 8; 4.21
e g(,ﬁg)—wf( ,087) - (4.21)

This relation holds for partition functions evaluated on finite three-dimensional triangula-
tions L. It is also valid for cubic lattices L, with the only difference that then one must
take 87 = 4x.

Higgs-gauge theory. Let us now consider the case of a Higgs-gauge theory in a cubic
lattice L. This model is described algebraically by

$o - G0 = ¢1- ¢1 = p~* cosh(z) ¢o + p~*sinh(z) ¢,
G0 - ¢1 = ¢1- ¢o = p~*sinh(z) ¢o + p~* cosh(z) ¢1, (4.22)
Ago) =eigo@ o, A1) =e "1 @ o1,
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where e=2% = tanh(4z) and p® = 2sinh(8z). The transformation F now gives the trans-
formed weights

A/@1azazas — 2p—4 H?:l e(—l)“ix] (Cosh h&(_l)a1+a2+a3+a471 + sinh h&(_l)a1+a2+a3+a4’_1) ,
M!, i = 0ad Obd Ocd -
(4.23)
As in previous cases, we collect some factors to make the weights simpler. There is a factor
(=1)% for each spin inciding at a link. We transfer this factor to the corresponding face
weight. In addition, we remove a common factor 2p~*+/sinh h cosh h from each link weight,

which will be later inserted back in the partition function. Then the weights reduce to

A/ala2a3a4 = <tanh71/2 hé(_l)a1+a2+a3+a471 + tanh1/2 h 5(_1)a1+a2+a3+a47_1> s (4 24)

! _ 4z / _ —4x
Moyopo = €™, M, =e )

all the remaining face weights being zero. Putting e 2% = tanh h, and h* = 4z, this is the

same as
A/abcd = exp [B;(_l)aerJchrd] ’
(4.25)

*

Mgggo = €™, Mijy =e”
Now these weights have a direct interpretation on the dual lattice. In the lattice L, the spins
are situated at faces. Thus in the dual lattice L*, they lie on links. According to eq. (£.29),
there is a link weight W) = exp(o;h*) for each link with a spin o; at it. Furthermore, the

A’%cd which describe a four-spin gauge interaction

dual face weights are the coefficients of
with coupling constant ;. Thus another Z(2) gauge-Higgs theory is obtained on the dual

lattice. We can write for the the coupling constants the duality relations

e 2% = tanhh,

4.26
e~289 = tanh h*, ( )
and for the partition functions we find that
ZO(L, B,.h) = [2p~Vsimbhcoshh| 23 (L*, g%, b* 4
g ( aﬁga ) - 2p Sm CO8 ] g ( ,Bg? ) ( 27)
This formula can be rewritten in terms of the coupling constants as
e~ BaNi e PilNy
— 70 h)= ————ZW(L* g5 hY). 4.2
(COSh h)Nl g ( ,ﬂg’ ) (COSh h*)Nf g ( aﬁg’ ) ( 8)

This formula gives the self-duality of Z(2) Higgs-gauge theory on a cubic lattice, which is a
known result. We have proved that such duality can be recasted as an algebraic symmetry,
that is, interpreted as a change of basis in the algebra H which describes the model.

Higgs-gauge theory with a variable Higgs coupling. As an example of a new duality
among spin models which can be obtained in our formalism, let us consider the case of a Z(2)
gauge-Higgs theory with a variable Higgs coupling on a three-dimensional triangulation L.
Let there be a Higgs coupling h; = Mh at each link [, where M is the number of faces
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meeting at [. The gauge coupling 3, is held constant over the lattice. This theory is
described algebraically by the coproduct

A((ba) - eXp[(—l)ah] ¢a ® Pa, (4'29)

and the product for which p and x satisfy e=?% = tanh(3z) and p® = 2sinh(6x). The link
weights of this theory are just

ALO2TAM — 5a1a5a2a U 5aMa exp[(—l)aMh] ’ (4'30)

as already discussed. The face weights are those of a Z(2) lattice gauge theory with gauge
coupling 3,. The action of the transformation E on these weights leads to

/ _ 9., —M M (1) :
Alaraz-an — 9, 2, e f} <cosh Mh 5(71)2321 ai | + sinh M h 5(71)2321 ai71> ,
M/, = 0ap Oac -

abc

(4.31)
These weights can be simplified by some rearranging of factors, as in previous cases. In
each link weight, there is a factor p~!exp[(—1)%] for each face inciding at the link. We
transfer it to the corresponding face weight. A factor p—2 shows up at every face, which is
removed from them, and later multiplied directly to the partition function. We also remove

a factor 21/cosh(Mh)sinh(Mh) from the link weights. Then the weights reduce to

A/GIGQ-“G’NI =V COth Mh5 Z]M a; + Vv tanh Mh5 Z]M a; 9
(~nFi=1i (FDT= (4.32)
Mggy = €**,  Mijy; =e .

All the remaining face weights are zero. If we define new coupling constants 3; and h* by

e 2P (M) — tanh Mh ,

4.33
h* =3z, ( )

then we can rewrite eq. (.32) as

A/(Ila2"'a1VI = exp [(—1)2%1 azﬁ;(M)] )

) e ) e (4.34)
Moo =€, My =e™ .

On the dual lattice L* these weights have the following interpretation. There are spin
variables oy« at the links of L*, since in the original lattice they lie on faces. There
corresponds to each link a local weight given by exp(h*o;), which describes a Higgs term.
The face weights on L* are the coefficients of A’%192¢m  These describe a gauge theory
with a coupling constant (;(M), whose strength is variable, and fixed by the duality
relation of eq. (:33). The Higgs coupling h* does not vary. Furthermore, there is an extra
weight at the dual faces yet, corresponding to the factors wg = 2y/cosh(Mh) sinh(Mh)
that we have summarily removed from the face weights of L. These weights are of a new

nature, and cannot be interpreted as arising from gauge or Ising interactions.
The strength of the gauge coupling decreases with the number of sides of the face. It
means that in this model the gauge interactions are weaker in larger faces, where the spins
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are far from each other. If the lattice is regular, then all faces are equal, and we recover
a Z(2) Higgs-gauge theory. In addition, the extra weighs wy = 2y/cosh(Mh)sinh(Mh)
give a naive measure of the faces size. These weights depend only on the number M of

sides in the face, and increases with M. Besides, in the limit of M >> 1, they reduce to
wq = exp(Mh/2), which corresponds to an energy term mh/2 in the action. Recalling that
the number of triangles in a face with M sides is proportional to M, we can understand
this term as proportional to the face area.

5. Continuous symmetries in two dimensions

In this section we consider the action of another class of transformations of GL(2,R) on
the local weights of Z(2) lattice gauge theory, as another example of application of the
transformation formalism. We consider pure and Higgs-gauge theory on two-dimensional
triangulations. We define a two-parameter class of transformations

P ,ucqshy —psinhy 7 (5.1)
—usinhy  pcoshy

and study its action on the local weights A% and Mg, of these theories. In terms of the
new basis vectors &, = F¢y, the algebraic structure of H is given by

§o-& =& & = pp teosh(z —y) & + pp~tsinh(z —y) &1,

5.2
§o-& =& & = pp 'sinh(z —y) & + pp ! cosh(z —y) & . (5:2)

1 1

If we set p* = = pp~

Therefore, it describes the face weights of another Z(2) gauge theory, with a transformed

and z* = z — y, then this algebra has the form given in eq. (B.2).

gauge coupling 37, given by e~2%5 = tanh 32*. As we are working with triangulations, the
parameter 1 must be chosen so that p*® = 2sinh 62*. It follows that we must set

sinh 62 ) '/°
Iu:(sm :U) . (5.3)

sinh 6x*
Granted that this relation is satisfied, F' reduces to a one-parameter class of transfor-
mations on H, for which the gauge coupling 3, changes continuously. The action of the

transformation on the link weights depends on the value of h, and we consider the cases
h =0 and h # 0 separately.

Pure gauge theory. The coproduct for Z(2) pure gauge theory is given by eq. (B.14).
We find for the transformed link weights that

A/00 — A1l Mf2 cosh 2y,

5.4
A0 = A0 — =2 6inh 2y . (5.4)

The parameter y must be positive in order that these weights are strictly positive. In this
case, they describe an Ising interaction between the two spins incident at the link. This
interpretation follows again from a simple rearranging of factors. Let us remove from all

weights a common factor p~2y/sinh 2y cosh 2y, and define 3} by

e 291 = tanh 2y . (5.5)
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Figure 3: Modified Z(2) pure gauge theory. There is a spin variable o, = (—1)* at each face side.
The face weights are those of a Z(2) gauge theory. For each link there corresponds the local weight
of an Ising model.

Then the link weights reduce to A% = exp[(—1)?*?3%], which has the explicit form of an
Ising interaction. In the new basis B’ = {&p, &1}, we have the following transformed theory,
which we call a modified gauge theory. The spin variables are assigned independently to
the sides of the faces of L. There is a Z(2) gauge theory weight M. (f) = exp[(—1)*T0+e3%]
at each face f. Two spins meet at each link of the triangulation, and there corresponds
to this an Ising weight A% = exp[(—1)4T37] (see figure fl). The partition function of this
modified theory is the sum over configurations

mod( ﬁg’ﬁl Z H Mf1f2f3 H Aht2 ’ (5-6)
{oa} [

where the indices f; and [; describe the spins at the boundary of the face f and at the two
sides of the link [, respectively.

As the modified theory we have described was obtained from Z(2) pure gauge theory
by the action of the transformation F given in eq. (B.1]), then the partition functions are
related by

N,
200, = (s oirooms) " 220,555, &

where N is the number of links in the triangulation. For the coupling constants, we find
tanh® 35 - tanh? By = tanh® 3, , (5.8)

It follows from eq. (f.§) that two modified Z(2) gauge theories with coupling constants
ﬂ}, ﬁ; and B%, Bg have the same partition function, up to a factor, if

tanh® 3} - tanh? ﬂ; = tanh® 37 - tanh? B; . (5.9)

This formula describes a family of continuous symmetries among such spin-gauge models,
and gives an explicit example of how the transformation formalism works for continuous
transformations.

Higgs-gauge theory. Now let us see which modifications are introduced by the presence
of a nonzero Higgs coupling h. In this case the coproduct is the one given in eq. (B.17),
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Figure 4: Modified Z(2) gauge theory in the presence of a magnetic field h. There is a spin variable
o, = (—1)" at each face side. The face weights are those of a Z(2) gauge theory. For each link there
corresponds the local weight of an Ising model. For each spin configuration o, there is a magnetic
local weight e7=".

and the transformation E leads to the transformed link weights
A0 = ;72 (el cosh? y 4+ e sinh? y)
A0 = A0 — =2 (eP + e~h)sinhy coshy, (5.10)
AT = 72 (e sinh? y 4+ e cosh? y) .
To understand the model these weights describe, let us rewrite them in a simpler form.
Introducing the new coupling constants 37 and h* defined by

64[3; _ 62h+tanh2y
1+e2h tanh?y ’ (5 11)
64h* =14+ 1 :

cosh? hsinh? 2y ’
and performing some algebraic manipulation, we find that the local weights reduce to
A0 — go2h* o7

A = ge=B1 (5.12)
All — qe*Qh*e@,

where
q* = (1 + cosh? hsinh? 2y)(cosh? hsinh? 2y) . (5.13)

These weights describe another kind of modified Z(2) gauge theory, similar to the one ob-
tained for the case of the pure gauge theory. The spin variables are attached independently
to sides of faces along the lattice. There is a face weight My (f) = exp[(—1)*+b+e 5]
at each face f, which describes a gauge interaction. There is also an weight A(l) =
exp[(—1)2*t 3%] for each link I, where a and b are the spins connected by the link. This
corresponds to an Ising interaction between such spins. Finally, for every spin variable o,
at the boundary of a face, there is a magnetic local weight W, = exp[(—1)*h*]. A factor ¢
was removed from each link. A summary of the model is given in figure [i.

The partition function is the product of all local weights in the lattice, summed over
(L, By, B7,h*). As it is obtained with the
application of a change of basis in the 2D Higgs-gauge theory, it follows that

all spin configurations. We denote it by Z )

mod

7@

mod

(L> ;aﬁ;a h*) = quZE(;Z)(Laﬂg’ h) ) (514)
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where the parameters (7, h*, h,y must satisfy the relations of eq. (F-11), and e2%s =
tanh 3z, e 2% = tanh 3(x — y). The expression in eq. (b.14) gives a family of continuous

symmetries among the spin-gauge models Z (2

mod(Ls By, B, h*). In these symmetries, there is

no need to invoke the dual lattice. Instead, we work with a less rigid discrete space, in which
the combinatorial structures of both L and L* show up naturally. For such discretisation,
the models related by the symmetry transformations live on the same lattice. A doubling of
variables occurs, as we do not assign a single spin to each link, but one for each face meeting
at the link. The models obtained are equivalent to the Z(2) Higgs-gauge theory, which in
turn is dual to the bidimensional Ising model in the presence of an external magnetic field.
Whether these modified theories may help in understanding the unsolved 2D transverse
Ising model, we leave here as an open question.

6. Conclusion and final remarks

In this paper we studied a general class of symmetries relating partition functions of a
family of classical spin models which generalises the Ising model and Z(2) lattice gauge
theory. We interpreted these theories algebraically in terms of the structure constants
of a vector space H equipped with algebra and coalgebra structures, using a formalism
reminiscent from topological quantum field theories, and proved that to any change of basis
of H there is an associated symmetry between these models. The well known Kramers and
Wannier dualities of [l] were shown to be special cases of this formalism. We studied
these dualities on two- and three-dimensional triangulations, extending results known for
the case of square and cubic lattices. In addition, a new class of continuous symmetry
transformations involving generalised Z(2) gauge theories in two dimensions was developed.

In two dimensions, we found the following results. It is well known that pure gauge
theories in two dimensions are exactly soluble. As a simple application of our formalism,
we have described a change of basis of H which trivialises the theory and yields a solution
for the partition function which is valid for any triangulation. The duality of the 2D Higgs-
gauge to the Ising model coupled to a magnetic field was studied on general triangulations.
Explicit expressions for the relation between the partition functions on general lattices were
given, in terms of simple combinatorial factors such as the number of links and faces in
the lattice. We also proved the existence of new symmetries relating the Z(2) Higgs-gauge
theory to a generalised model described by three coupling constants, which describe a
plaquette interaction, a magnetic field term, and an additional Ising interaction. The new
symmetry transformations describe continuous transformations of these coupling constants.

In three dimensions, we studied the duality from the Z(2) pure gauge theory to the
3D Ising model on finite triangulations. We derived explicit expressions for the coefficients
which relate the partition functions, in a manner which is valid for general triangulations.
The expression depends on the topology of the lattice only through simple combinatorial
properties, namely, the number of faces and links of the lattice. We also considered a
modified Z(2) Higgs-gauge theory on finite triangulations, for which the Higgs coupling
h; is variable along the lattice, being proportional to the number M of faces meeting at
the link [, hy = Mh. This theory was found to be dual to an Ising model with a variable
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inverse temperature, coupled to a magnetic field, and to an additional field which describes
an area-dependent energy term in the action.

The method we have used to develop these symmetries can be applied to any theory
which admits an algebraic interpretation similar to the one given in [10] for the case of
Z(2) pure gauge theory on triangulations. Whether this is the case of more realistic gauge
theories is an interesting question. In particular, it is natural to conjecture that dualities
in Z(N) gauge theories can be formulated in a similar fashion. The extension to continuous
gauge groups also deserves investigation. The mathematical prescriptions we have used do
not pose any obstruction for the application to the case of non-commutative gauge groups.
Duality relations are difficult to be formulated in this case, and our prescriptions might be
of help in the study of this subject.
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